Thermoelectric device is a promising next-generation energy solution owing to its capability to transform waste heat into useful electric energy, which can be realized in materials with high electric conductivities and low thermal conductivities. A recently synthesized silicon allotrope of Si24 features highly anisotropic crystal structure with nanometre-sized regular pores. Here, based on first-principles study without any empirical parameter, we show that the slightly doped Si24 can provide an order-of-magnitude enhanced thermoelectric figure of merit at room temperature, compared with the cubic diamond phase of silicon. We ascribe the enhancement to the intrinsic nanostructure formed by the nanopore array, which effectively hinders heat conduction while electric conductivity is maintained. This can be a viable option to enhance the thermoelectric figure of merit without further forming an extrinsic nanostructure. In addition, we propose a practical strategy to further diminish the thermal conductivity without affecting electric conductivity by confining rattling guest atoms in the pores.
I. INTRODUCTION
Thermoelectricity is one of the renewable energy solutions that converts waste heat into viable electric energy without generating greenhouse gases. It creates electric current by thermal motion of charge carriers due to a temperature gradient. Performance of thermoelectric materials can be evaluated through dimensionless figure of merit (ZT),
which is determined by Seebeck coefficient (S), electric conductivity (σ) and thermal conductivities (κ) at a given temperature (T ). For κ, subscripts l and e refer to lattice and electronic contributions to heat conduction, respectively. To increase the ZT value, a material needs to be a good electrical conductor as well as a good heat insulator as seen in Eq. (1) . Such a conflicting condition has recently been realized in a layered crystalline material [1, 2] with strong bond anharmonicity, which can be measured by Grüneisen parameter and be a fingerprint for potential thermoelectric materials. However, it is still challenging to achieve a high ZT in three-dimensional (3D) crystals because the materials properties listed above are coupled to each other. For instance, increasing a charge carrier in 3D semiconductor by doping would increase both σ and κ e simultaneously. Also, lifetimes of both charge carriers and phonons in a heavily doped material will be significantly lowered due to increased scattering. In order to overcome this complication, various efforts have been made to reduce the κ l by post-processings such as alloying [3, 4] , nanostructuring [5] [6] [7] [8] [9] [10] [11] [12] [13] , and confining rattling guest atoms in cages of skutterudites and clathrates [14] . The alloy and nanostructure, however, might lower the mobility of charge carriers by enhancing impurity/boundary scattering, and the confinement is only valid for porous materials which can host guest atoms.
Aforementioned favorable conditions for a higher ZT can be found in a new silicon allotrope, Si 24 , with intriguing electronic properties such as quasi-direct bandgap [15] . Specifically, Si 24 shows the intrinsic nanostructure as in the case of a good thermoelectric material, SnSe [1, 2] [see Figure 1 (a) and (b)]. This is in contrast to the previous studies for Si with post-processings of extrinsic nanoscale structures [5] [6] [7] [8] [9] [10] [11] [12] [13] . Moreover, the Si 24 features regular array of nanosized pores as in skutterudites and clathrates, which makes it even more promising as a thermoelectric material. This indicates that an enhanced thermoelectric property can be achieved in a bulk Si material without post-processings, rendering thermal stability in operating conditions. We note here that Si 24 is shown to be stable in a wide range of temperature [15] (∼750 K) and pressure [16] (∼8 GPa). We also point out some of the advantages of employing a Si material over other materials containing heavy metal elements (e.g., PbTe) in that Si is cheap, non-toxic, Earth-abundant and free of phase separation.
Besides, due to the complex interactions involved in the transport phenomena as mentioned above, describing transport properties to a reasonable degree remains challenging. Some of the previous studies [17, 18] used too simplified approximations to the electronic relaxation times. For instance, overestimated values of ZT were reported for black phosphorous obtained with a singlevalued relaxation time, adapted from the experiment [17] , from a deformation potential theory [19] or from a constant relaxation time approximation [20] . When the effects of electron-phonon interactions were explicitly taken into account, the ZT values decreased by orders of magnitude [21] .
In this Letter, we report the enhanced thermoelectric properties of the Si 24 over the cubic diamond phase counterpart (dSi) by performing various first-principles calculations without using empirical relaxation times of electron and phonon in Si 24 . Specifically, all of the elastic scattering events between electron and phonon with varying energies and momenta were explicitly enumerated for electric conductivity, σ. Similarly, the anharmonic effects of heat transport due to the three-phonon scattering were explicitly considered for the lattice thermal conductivity, κ l . We ascribe the order-of-magnitude enhancement in the ZT to a significant anharmonicity in Si 24 , which is also confirmed by anomalously high Grüneisen parameters. In synergy with rattling effects of guest atoms in the nanopores, we believe that the Si 24 can serve as a promising thermoelectric material.
II. COMPUTATIONAL DETAILS
To describe the reliable thermoelectric properties for Si 24 using first-principles calculations, we performed density functional theory calculations as implemented in Quantum Espresso package [22] . We used normconserving pseudopotentials [23] with the plane wave kinetic energy cutoff of 60 Ry (816.34 eV), and exchangecorrelation functional of Perdew-Burke-Ernzerhof [24] (PBE) within generalized gradient approximation was used. In order to evaluate the σ explicitly from firstprinciples calculations, the phonon-mediated σ was evaluated by using the transport Eliashberg spectral function [25, 26] as implemented in EPW package [27] . The Bloch wave function calculated on a Γ-centered k/q-point mesh of 10×10×6 was interpolated to a much denser grid of 40×40×9 by using the maximally localized Wannier functions (MLWFs) [28] [29] [30] . Using the MLWFs, the relaxation time (τ e−ph n,k ) by electron-phonon coupling were computed on the denser k/q grids as
where ω λ,q is the energy of a phonon with polarization λ and wave vector q in the Brillouin zone (BZ), and n λ,q and f m,k are Bose-Einstein and Fermi-Dirac distribution functions, respectively. N is the total number of k/q grid points in the full BZ. The ε n,k is energy of a Bloch state at nth band at k point in the BZ [31] . The g k,λ m,n is an electron-phonon coupling matrix element, which is computed as Ψ m,k+q |∂ λ,q V |Ψ n,k . Ψ n,k is a Kohn-Sham wave function, and ∂ λ,q V is the variation of the Khonsham potential for a unit displacement of the nuclei along the phonon mode of polarization λ and wave vector q. Using the τ e n,k ≈ τ e−ph n,k as in Eq. (2), electron transport coefficients were calculated by using bolztrap code [32] within semi-classical Boltzmann transport equation: i.e.,
, where α, β=x, y or z, and N is the number of k-points in the full Brillouin zone. The v α,n,k is a group velocity of electrons at ε n,k along α. Note that other contributions for σ such as electron-electron and impurity scattering are assumed to be negligible (see SI S1). The Seebeck coefficient, S, shown in Eq. (1) was calculated from the Mott formula at the Fermi level as
, where e and k B are the charge of an electron and Boltzmann's constant, respectively. The electronic contribution to the thermal conductivity (κ e ) was evaluated via Wiedemann-Franz law [33] :
Similarly, the lattice thermal conductivity (κ l ) with anharmonic effects between three phonons was computed by solving Boltzmann transport equation as implemented in phono3py code [3] . The third-order interatomic force constants were evaluated for dynamical matrix by a finite displacement method with a displacement and distance cutoff of 0.03 Å and 15 Å respectively. In a (3×3×2) supercell with 216 Si atoms, a total of 12,108 displaced configurations were generated. Hellmann-Feynman forces in each configuration was computed by first-principles calculations by using Vienna ab initio software package [35] [36] [37] [38] with projector augmented wave method [39] and PBE exchange-correlation functional [24] . Plane wave was expanded with the kinetic cutoff energy of 400 eV, and Γ-centered 9×9×3 grid points in the BZ were used for the primitive cell of Si 24 . After all the force evaluation, the κ l was evaluated by integrating over q points in the full BZ of 14×14×14 grid points.
III. RESULTS AND DISCUSSION
The Si 24 crystal features an open-channel structure along a crystallographic axis (x) as shown in Figure 1 (a) and (b). Each of the channels, of which the diameter is approximately 0.54 nm, is composed of eight-memberedrings of distorted sp 3 Si bonds. When compared to the dSi having the ideal sp 3 bonding character with the distance of 2.35 Å and with the angle of 109.5°, those in Si 24 range from 2.33 Å to 2.41 Å, and from 97.73°to 135.63°, respectively [15] . In particular, the open-channel structure is attributed to its two-step synthesis process such that a high pressure phase of Na 4 Si 24 compound is initially synthesized and pressurized at a hydrostatic pressure of 10 GPa, and that only loosely captured Na atoms in the cage are selectively removed from the compound at ambient pressure [15] . As a result, the structure with a regular array of one-dimensional nanopores is retained as seen in Figure 1 (b). Note that the structure is highly anisotropic owing to the open channels. For instance, when comparing densities along different orientations of the crystal, Si 24 shows denser atomic arrangement along the x-axis unlike the others, which significantly differs from isotropic atomic arrangement for dSi.
We investigate thermoelectric properties of Si 24 for various temperatures up to 700 K since thermal stability of Si 24 in air was experimentally confirmed up to 750 K [15] . The ZT obtained from our calculations indicates that Si 24 shows superior thermoelectric properties compared to dSi, especially when lightly doped with electrons as shown in Figure 1 (c). The overall ZT values are enhanced with an increasing temperature for both Si 24 and dSi. On the other hand, enhancement factor, defined as a ratio of the maximum ZT (ZT max ) between Si 24 and dSi, decreases as temperature increases, which reaches ∼17 at 300 K. The optimal doping concentration for the ZT max increases with temperature as in Figure 1 (c). We note that overall values of the optimal doping concentration are much smaller for Si 24 than dSi. This is advantageous because impurity scattering becomes significant for heavily doped semiconductors, of which the effects are difficult to be captured directly in the first-principles calculations.
It is worth noting here a constant relaxation time approximation can lead to inaccurate ZT value [18] . As is known for other materials [21] , elaborated description of electron-phonon coupling tends to correct the overestimated ZT values obtained from simplified calculations. Likewise, the momentum dependence of relaxation time in Eq. (2) needs to be taken into account in evaluating the electrical conductivity σ to obtain a reliable ZT, specifically for a newly synthesized material. Another point to note is that evaluation of accurate σ values requires remarkably dense k/q grid points, and convergence test should be performed with caution. We confirmed that the data grid used here (40×40×9=14,400) gives reasonably converged ZT values less than 5% relative error compared to that from the most dense grid mesh we tested (50×50×9=22,500). The detailed results are provided in SI S2.
To explain the enhanced ZT of Si 24 , we will discuss the effects of each of the components in ZT hereafter. Firstly, we consider the effects of electronic contributions to the thermoelectric properties. We find that the electrical conductivity (σ) of Si 24 is highly anisotropic (Figure 2(a) ), which can be deduced from its anisotropic geometry (Figure 1(a) ). Compared with the dSi, it is remarkable that the σ xx for Si 24 is always higher throughout the doping range considered in this study, while σ yy and σ zz are largely suppressed. Note that the nanopores run along the x-axis (Figure 1(b) ) where the atomic arrangement is most densely packed. In contrast, along the orientations perpendicular to the nanopore axis, electrons are more likely to be scattered by electron-phonon coupling due to the anisotropic bonding.
Similarly, power factors (σS 2 ) also show the high anisotropy as observed in the electric conductivity (Figure 2(b) ). In this case, however, the magnitude of the σS 2 also varies significantly due to carrier type and density. When Si 24 is lightly doped by electrons, the σ xx S 2 reaches the maximum, significantly exceeding that of the dSi (Figure 2(b) ). For higher doping concentration, the σ xx S 2 drops substantially and becomes smaller than that of dSi. For hole doping, the σS 2 in all directions are significantly diminished compared to the electron-doped cases, and become much smaller than that of dSi, except the peaks at low concentration. As the power factor is linearly proportional to the ZT, this agrees well with the above observation that ZT reaches the maximum at light electron doping as in Figure 1(c) .
These improved thermoelectric properties of Si 24 can be ascribed to its electronic band dispersions (Figure 2(c) ). With small electron doping concentration as marked in Figure 2(c) , there exist multiple electron pockets (or valleys) in the BZ as can be also seen in the Fermi surface at that doping level; see the inset of Figure 2(c) . This multiple valley degeneracy is also known to be responsible for the good thermoelectric performance of PbTe 1−x Se x [40] . The highly anisotropic electronic structures are clearly seen in Si 24 from the Fermi surface, which is consistent with the anisotropic crystal structure. Note that the relaxation times in Si 24 are much longer than those in dSi, especially for low energies, or low doping levels. This agrees with the fact that high ZT max of Si 24 occurs at much lower doping concentration than that of dSi as shown in Figure 1(c) . Furthermore, Si 24 provides low lattice thermal conductivity (κ l ) as seen in Figure 3(a) , which renders even better thermoelectric performance compared to dSi. The calculated κ l for Si 24 is approximately 4 times lower than that of dSi along x-axis throughout the temperature range in this study. The difference becomes even greater to be ∼13 times for the κ l along z-axis. If we consider electronic contribution to the thermal conductivity via Wiedemann-Franz law, the anisotropy in heat conduction becomes even greater due to higher electrical conductivity along the x-axis compared to the z-axis.
We show the Grüneisen parameter for both crystals in Figure 3 (b) and (c), which is a measure of anharmonicity of the bonds. The resistivity of the heat conduction through the lattice vibrations due to the Umklapp process increases with the magnitudes of Grüneisen parameters. The highest Grüneisen parameters shown along the Γ-Z path indicate that the anharmonic scattering of phonons occurs mostly along the z-direction, and agrees with the lowest κ l along z-direction (Figure 3(a) ).
For practical aspects of its thermoelectric application, we discuss the effects of conventional defects on transport properties of Si 24 . First of all, recent experiment [16] and theoretical calculations [15] of Raman spectra agree well with each other in a wide range of temperature and pressure. From these, we could infer that the local atomic structures of synthesized Si 24 samples are quite close to the ideal ones. Moreover, a recent theoretical work on various defects in Si 24 [2] revealed that population of substitutional dopants are dominant over intrinsic point defects such as vacancy and interstitial thanks to their relatively lower formation energies (< 0.7 eV) compared with the intrinsic ones (2.3-3.7 eV). It is noteworthy that the typical n-type dopant states with very low ionization energy hybridize with conduction bands [2] , realizing good electric conductivity of the doped Si 24 .
We further discuss the effects of remaining guest atoms in the cages of Si 24 . As we mentioned above, the Si 24 crystal is synthesized by removing Na atoms confined in the cages of Na 4 Si 24 , which takes ∼8 days at 400 K [15] . This indicates that, on one hand, the Na atoms are loosely bound to the host Si atoms similar to clathrates, so that the trapped guest atoms can escape from the crystal. On the other hand, the relatively slow degassing process even at an elevated temperature is attributed to the high kinetic energy barrier for migration of Na atoms in the channel from one cage to the adjacent one. Based on our nudged elastic band calculations, the barrier is estimated to be ∼1 eV, which is in a good agreement to the literature [42] . In addition, when comparing the size of the channel windows and Na atom, the transport behavior of the guest atoms is dominated by a single-file diffusion, of which the degassing rate is limited by diffusive motion of the atoms at the ends of the line. Thus, complete removal of the Na atoms might be difficult, and residual Na atoms might be remaining in the cages.
We expect that those residual guest atoms would have the rattling effects as observed in skutterudites and clathrates [14] , enhancing the thermoelectric properties of the crystal. With the guest atoms, their thermal vibrations can interact with the acoustic phonons of the host atoms, which suppresses the lattice thermal conductivity further. Similarly, thermal conductivities of carbon nanotubes (CNTs) filled with water was suppressed by 20-35 % compared to that of empty CNT [43] . In addition, the residual Na atoms in the channel would donate electrons to the host Si 24 crystal without affecting the electronic structures. For instance, band structures in Figure 4 are nearly unchanged for a single Na atom out of 288 Si atoms (∼0.35 at.%), and donor level begins to appear when two Na atoms are doped (∼0.7 at.%) as indicated by the arrow. This spontaneous electron doping is advantageous for the Si 24 to be used as a TE material as discussed above (see Figure 1(c and d) ). Moreover, this spontaneous doping effect would significantly lower the chances of electrons being scattered by impurities (i.e., dopant atoms), which becomes dominant at heavy doping. It is worth to note that large number of guest atoms [45, 46] . Color-coding indicates spectral weight. Total and projected DOS to Na (magnified by a factor of 200) are shown in gray and red shades, respectively. For a single Na ion content, the ionic doping concentration corresponds to 1.58×10 20 cm −3 . In (a), the zero energy of the pristine Si24 was set to be the middle between edges of conduction and valence bands and was set to be charge neutral points due to Na atom doping for both (b) and (c).
would donate many electrons to the cage structure and eventually turn the the host materials into a metal [44] . In this case, thermal transport is dominated by electrons, i.e., κ ≈ κ e .
IV. CONCLUSIONS
In conclusion, we demonstrate thermoelectric properties of a new silicon allotrope, Si 24 by using various ab initio computational methods without empirical parameters: phonon-mediated electrical conductivity and lattice thermal conductivity with anharmonic phonon effects. The highly anisotropic structure of the Si 24 results in anisotropic electronic and thermal transport properties as well. The electron-doped Si 24 displays superior thermoelectric behavior to the Si in a cubic diamond phase, which is ascribed to the enhanced power factor and reduced lattice thermal conductivity. We also pointed out that the thermoelectric performance can be further enhanced by guest atoms in the cage, due to their role as electron donator and rattler. Here, we justify our assumption for electronic relaxation time, τ e n,k ≈ τ e−ph n,k , used in our study. According to the Matthiessen rule, scattering rates are:
where each of the terms on the right-hand side indicates contributions from electron-phonon, electron-electron and impurity scattering, respectively. First of all, an elaborated ab initio calculations [S1] have shown that for relaxation of excess charge carriers in silicon with cubic diamond phase generated by photon injection, electron-electron scattering is negligible, i.e., (τ e−e n,k ) −1 ≈ 0. Instead, it is electron-phonon interaction that plays a dominant role. Moreover, impurity scattering also seems to have minute effects on electron transport since relatively small optimal doping concentration (e.g., 0.21×10 20 cm −3 at 300 K as in Figure 1 (d)) may be readily achieved due to the spontaneous electron transfer from the guest Na ions without affecting electronic structures of the crystal as seen in Figure 4 . Furthermore, a recent theoretical study [S2] shows that substitutional doping generates delocalized defect states along the channel (x-axis), indicating that a trace of impurity, if any, would not significantly change the electronic transport behaviors: (τ imp n,k ) −1 ≈ 0.
SII. CONVERGENCE TESTS
Here, we demonstrate that the computed transport coefficients in this study are obtained in well-converged conditions. Calculation of transport coefficients requires numerical integration on discrete grid points in the Brillouin zone, of which the accuracy sensitively depends on the grid point spacing. For example, for lattice thermal conductivity, coupling strength matrix of phonons needs to be dealt explicitly in the Brillouin zone [S3] . Figure S1 shows the lattice thermal conductivity along the x-axis computed on different number of grid points. The data shows that the lattice thermal conductivities seem to be converged on a 8×8×8 grid at all temperature range considered in this study. We reported the values computed on the 14×14×14 grid.
We also show the convergence test results on computing electron-phonon coupling with respect to the number of k/q points in the Brillouin zone (N) in Figure S2 . Note for given κ, it is convenient to compare ZT values to discuss the convergence of evaluating electron-phonon coupling as the power factor is directly proportional to ZT (eq. 2). Firstly, it seems crucial to compute ZT with caution as the size of N affects the ZT values significantly. For instance, on a coarse grid of (10×10×9), the maximum ZT occurs in hole-doped system, which is in stark contrast to all the other results computed on denser grids as in Figure S2 (a). In addition, even with a demanding calculations up to the grid of (50×50×9), the ZT appears to converge relatively slowly with respect to N, and behaves as damped oscillation as seen in Figure S2(b) . Unlike the grid spacing along the x-and y-axes, on the other hand, the grid spacing along the z-axis would not have significant effects on ZT when comparing the ZTs on (30×30×9) and (30×30×12). This different behavior is attributed to the highly anisotropic electronic structures. With a grid of (40×40×9) as we used in our Letter, we confirmed that the ZT max is well-converged with the relative error less than 5% when compared with that of (50×50×9). 
